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COMMENT ON: “J.B.S. HALDANE’S CONTRIBUTION TO THE BAYES
FACTOR HYPOTHESIS TEST” BY ETZ AND WAGENMAKERS
Etz and Wagenmakers [1] (and an earlier version of this paper available at:
https://arxiv.org/abs/1511.08180) review the contribution of J.B.S. Haldane to
the development of the Bayes factor hypothesis test. They focus particularly on
Haldane’s proposition of a mixture prior in his first example on genetic linkage
mapping in the Chinese primrose (Primula sinensis) [3]. As Haldane never fol-
lowed up on these ideas, it is difficult to gauge his motivation and intentions.
Haldane himself states his purpose in the beginning of the article [3]:
Bayes theorem is based on the assumption that all values in the neighborhood of that
observed are equally probable a priori. It is the purpose of this article to examine
what more reasonable assumptions could be made, and how it will affect the estimate
given the data.
Compactly restated: flat priors should be replaced by more reasonable assump-
tions. But I will argue that in the very same article, in the very first example,
Haldane himself uses a flat prior instead of a more reasonable prior.
Haldane’s primrose example with a flat prior. The data come from a (hypo-
thetical) observation of 400 meioses in the primrose; 160 of them are cross-overs.
Let ρ be the recombination rate between the two loci. The likelihood is a binomial
(1) p(y = 160 | ρ,N = 400) =
(
400
160
)
ρ160(1− ρ)240 .
Haldane argues that P. sinensis has twelve chromosomes of about equal length.
Recombination between unlinked loci on different chromosomes is free, such that
the recombination rate ρ = 12 . This is reflected in Haldane’s prior by a point mass
of 1112 on ρ =
1
2 . With probability
1
12 , the two loci reside on the same chromosome,
i.e., the two loci are linked. Conditional on linkage, Haldane assumes 0 ≤ ρ < 12
and a flat prior of p(ρ) = 2, such that his marginal posterior distribution becomes
(2) p(y = 160 |N = 400) = 1
6
(
400
160
)∫ 1
2
0
ρ160(1− ρ)240 dx .
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He continues to approximate by extending the upper integration limit to one
p(y = 160 |N = 400) ≈ 1
6
(
400
160
)∫ 1
0
ρ160(1− ρ)240 dx
=
1
6
(
400
160
)
160! 240!
401!
=
1
6 · 401 .
(3)
But the flat prior is unreasonable, given Haldane’s knowledge of genetic linkage.
A better prior. Chromosomes are one-dimensional structures on which loci re-
side. The recombination rate ρ between two genes is a function of their distance
on the chromosome. It would have been reasonable for Haldane to assume that a
locus can be located anywhere on a chromosome with equal probability and that
the locations of two loci are independent of each other. Then the genetic distance
x in units of proportions of the length of the chromosome (denoted with L and
measured in cross-over rates, i.e., Morgan) between the two loci would be given
by a beta
(4) p(x) =
Γ(3)
Γ(1)Γ(2)
x1−1(1− x)2−1 .
Haldane [2] himself derived a bijective function that maps genetic distance x to
recombination rate ρ:
(5) ρ |x,L =
1− e−2Lx
2
.
The number of cross-overs per meiosis per chromosome is about one, a fact prob-
ably known to Haldane, such that I set L = 1. Changing variables from x to ρ,
the prior distribution of ρ then becomes
(6) p(ρ) =
2 + log(1− 2ρ)
1− 2ρ
with 0 ≤ ρ ≤ 1−e−22 (Fig. 1). Note that, for the primrose example, the maximum
likelihood estimator of the recombination rate is ρˆ = 160/400 = 0.4. In this
parameter region the prior (6) differs considerably from the flat prior p(ρ) = 2.
Speculations on Haldane’s intentions. Haldane most certainly also went through
the above considerations; after all, he himself developed a very useful mapping
function. Reading the article carefully, I consider its main purpose not the mixture
prior in the primrose example, but rather the investigation of different parameter
regions of the binomial and its conjugate distribution, the beta. The primrose
example is in a parameter region, where probabilities of failure and success are
about equal. (Realize that the example data are actually closer to equal probabil-
ities than is usually encountered in linkage studies, where sample sizes are often
about 50 to 100, rather than Haldane’s 400, which would have made detection of
linkage unlikely with a true ρ = 0.4.) For this, a flat prior is reasonable, i.e., a
prior beta with α = β = 1. Haldane may actually have been more interested in
the approximate distribution (3) than in the exact one (2). The other examples
in Haldane’s article pertain to parameter regions where success (or failure) prob-
abilities are close to zero or one. Then a flat prior would put too much weight
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into the middle of the parameter region and a prior with α → 0 and β = 1 pro-
portional to 1ρ , or with α = β → 0 proportional to 1ρ(1−ρ) , would be preferable. In
this light, a more complicated prior distribution than the beta and its asymptotes
would have been useless, even though Haldane could have derived it easily. I thus
believe that, for the sake of generality, Haldane chose to not do better than flat
in the primrose example. Furthermore, I agree with Etz and Wagenmakers [1]:
It was the specific nature of the linkage problem in genetics that caused Haldane to
serendipitously adopt a mixture prior comprising a point mass and smooth distri-
bution.
A genetic red herring. Modern genetics has shown cross-over rates to be vari-
able along a chromosome, with low rates at the chromosome ends and around the
centromere. Since the distribution of genes on chromosomes also follows roughly
the same pattern, this complication can be ignored, as long as genetic position is
based on mapping distances (in units of Morgan) and not physical distances (in
units of basepairs).
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FIGURES
Fig 1. The prior distribution of ρ given L = 1 and assuming equal distribution of positions
and Haldane’s mapping function. The histogram is produced from a simulation; the solid line
corresponds to the distribution in eq. (6).
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